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BATEMAN ON LIGHT: SYNCHROTRON RAYS
H. C. POTTER
Abstrat. For over a entury physiists have sought a mathematial theory that unites the dual,
wave and orpusle, behaviors that light exhibits. In the early twentieth entury H. Bateman was
studying a solution that uses wave funtions with singularities to mark light quanta loation in
spae and time as potential singularities do for material partiles. He published an inomplete,
mathematially obtuse paper applying his sheme to presiently predit synhrotron rays well
before they were experimentally observed. Here, I larify the presentation in Bateman's paper and
supply a missing demonstration that it predits orbit plane loalization and previously unexplained
orbit plane normal polarization.
Key words and phrases. Light, Duality, Loalization, Singularities, Potentials, Fields.
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In the twentieth entury rst quarter, H. Bateman (1882-1946) was studying eletromagneti
theory based on a generalized potential formalism. This formalism is elaborated in his book [1℄.
Two appliations are signiant. On ursory reading, the rst [2℄ appears to predit synhrotron
rays more than 30 years prior to their observation [3℄ and lassial power spetrum predition [4℄. On
the same basis, the seond [5℄ appears to predit pair prodution 9 years before its 1933 observation
[6℄ with no other extant eletromagneti explanation. I use the word appears intentionally, beause
Bateman never fully developed these appliations. In this paper I apply the rst paper to explain
synhrotron light polarization normal to the orbit plane and to predit ray loalization within the
orbit plane.
Bateman takes as his generalized potential the quantity
V =
f(τ)
σ
(1)
where
σ = (x− ξ)l + (y − η)m+ (z − ζ)n− (t− τ)c2p (B4)
and all the l,m, n, p and ξ, η, ζ may be τ dependent funtions. The funtion V will satisfy the wave
equation
cV =
∂2V
∂x2
+
∂2V
∂y2
+
∂2V
∂z2
−
1
c2
∂2V
∂t2
= 0 (2)
when σ 6= 0 and
l2 +m2 + n2 = c2p2. (B3b)
The funtion σ dened by Eq.(B4) vanishes when (x, y, z, t) lies on a urve Γ dened by
x = ξ(τ), y = η(τ), z = ζ(τ) and t = τ. (B1)
But σ also vanishes when (x, y, z, t) lies on lines through (ξ(τ), η(τ), ζ(τ), τ) for t > τ . To prove this
onsider the sphere
[x− ξ(τ)]2 + [y − η(τ)]2 + [z − ζ(τ)]2 = R2. (B2')
The Eq.(B2') sphere represents a retarded wave front when
τ = t−
R
c
. (3)
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Eq.(B4) will vanish at
x = R l
cp
+ ξ(τ), y = Rm
cp
+ η(τ), z = R n
cp
+ ζ(τ) and t = R
c
+ τ. (4)
So when Eqs.(B3b) and (3) are satised, Eq.(4) parameter R denes a line on whih σ vanishes that
passes through the Eq.(B2') sphere enter at (ξ(τ), η(τ), ζ(τ), τ). For xed τ , Eq.(3) says the Eq.(4)
point moves with veloity c = ( l
p
, m
p
, n
p
). At τ on the urve Γ, the veloity is v = (ξ′, η′, ζ′) when
the primes indiate τ dierentiation. So, says Bateman,
l(τ)ξ′(τ) +m(τ)η′(τ) + n(τ)ζ′(τ) = (−v2)p(τ) (B3a')
determines the angle at the Eq.(B2') sphere enter between the singularity veloity on the Eq.(4)
line and the singularity veloity on the Eq.(B1) urve Γ. For plane, irular orbits like that desribed
by Eq.(14), below, Eq.(B3a') takes the Eq.(13) form; but there is no extant proof that Eq.(B3a') is
valid for any other ase. When v does not hange diretion, this development will exhibit ylindrial
symmetry about the line dened by Γ. This is manifest in the plane orbit ray ase examples below
where radial aeleration is ignored. When v does hange diretion, this symmetry should be broken.
The latter ontradits ommon light beam depitions whih presume the ylindrial symmetry for
linear motion to persist. The presumption is refuted, however, by [3, Fig. 5 frame 10 and Ref.2℄. This
shows beam size inrease in the orbit plane with the energy sustaining r-f turned o. Confounding
by eletron beam ross setion onvolution may explain this error.
As a mathematiian, Bateman attempted to perform this development using Eqs.(B1), (B2'),
(B3a'), (B3b) and (B4) as initial premises. In all Bateman equations with primed equation num-
bers, inluding Eq.(B5') below, the parenthetial fators designate my revisions. I nd Bateman's
development unintelligible, even though he does revisit this problem in his book [1, Se. 44℄ without
referene to the earlier work. The development above, however, does produe Bateman's result that
for a primary Eq.(1) singularity M moving with veloity v on a urve Γ there are at least two se-
ondary Eq.(1) singularities radiating with veloity c along retilinear rays through eah point of this
urve with the angle between the rays and the primary singularity motion having a osine equal to
−v/c. This v angle dependene agrees with [4, Eq. 1.48℄ when expressed as his sin2 dependene.
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To onnet the seondary singularities with light, Bateman denes the vetor and salar potentials
as
Ax =
l
σ
, Ay =
m
σ
, Az =
n
σ
and Φ = (c)p
σ
. (B5')
When primary singularity veloity v is always less than c, the Eq.(B2') spheres for proximate instants
are nested. So the Eq.(B5') potentials at (x, y, z, t) will be uniquely assoiated with a urve Γ point
for v < c. With σ dened by Eq.(B4), Eq.(B3b) auses the Eq.(B5') potentials to satisfy the Lorenz
ondition
∇ •A+
1
c
∂Φ
∂t
= 0, (5)
where ∇ = ( ∂
∂x
, ∂
∂y
, ∂
∂z
). When the eletri and magneti elds are alulated from the Eq.(B5')
potentials using the relations [1, Eqs.(268)℄
H =∇×A and E = −∇Φ− 1
c
∂A
∂t
(6)
with v and the l,m, n and p onstant on Γ, the elds obtained are null. When v varies with τ however,
Eq.(B3a') fores variation with τ for some or all the l,m, n, p and ξ′, η′, ζ′, and the alulated elds
need not be null. These elds satisfy the Eq.(2) wave equation, beause the Eq.(B5') potentials do;
and they satisfy the vauum Maxwell equations [1, Eq.(1)℄
∇×H = 1
c
∂E
∂t
, ∇×E = − 1
c
∂H
∂t
∇ •H = 0, ∇ •E = 0.


(7)
When some or all the l,m, n, p and ξ′, η′, ζ′ vary with τ the above relations are satised at eah
τ value dening a position on the Eq.(B1) urve Γ. But the atual elds spawned at τ onto the
expanding Eq.(B2') sphere along the line given by Eq.(4) an be taken to be given by the Eqs.(B5')
potential hanges at τ . The Eqs.(6) magneti and eletri eld omponents spawned at τ are then
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given by
Hx =
∂Az
∂η
−
∂Ay
∂ζ
= n
′
σ
∂τ
∂η
− m
′
σ
∂τ
∂ζ
,
Hy =
∂Ax
∂ζ
− ∂Az
∂ξ
= l
′
σ
∂τ
∂ζ
− n
′
σ
∂τ
∂ξ
,
Hz =
∂Ay
∂ξ
− ∂Ax
∂η
= m
′
σ
∂τ
∂ξ
− l
′
σ
∂τ
∂η
,
Ex = −
∂Φ
∂ξ
− 1
c
∂Ax
∂τ
= − cp
′
σ
∂τ
∂ξ
− l
′
cσ
,
Ey = −
∂Φ
∂η
− 1
c
∂Ay
∂τ
= − cp
′
σ
∂τ
∂η
− m
′
cσ
,
Ez = −
∂Φ
∂ζ
− 1
c
∂Az
∂τ
= − cp
′
σ
∂τ
∂ζ
− n
′
cσ
.


(8)
In the above, Bateman's
K ≡
∂σ
∂τ
= l′(x− ξ) +m′(y − η) + n′(z − ζ)− c2p′(t− τ) = 0 (9)
when the (x, y, z, t) lie on the Eq.(4) line at τ , beause there K = R(ll′+mm′+nn′− c2pp′)/cp = 0
by Eq.(B3b). The Eqs.(8) simplify onsiderably when the Eq.(B1) Γ lies in a plane. Then, for zero
Eq.(B4) σ the orbit's normal τ derivative vanishes, ∂τ
∂ζ
= 0 when ζ(τ) = 0 for example. If both
n and n′ vanish for rays in the instaned orbit plane, the Eqs.(8) spawned elds have magneti
omponent normal to and eletri elds in the Eq.(B1) Γ plane. More general rays are possible. In
partiular, rays with omponents normal to the orbit plane may be found. But eletri elds for
these [7, Figure 5℄ have omponents normal to the orbit plane and, having longitudinal omponents,
are not even Maxwell light like. If they exist, their intensities must be small, beause only orbital
plane polarization has been reported [3, Ref. 2℄.
Using Eqs.(8) we an onrm that E •H = 0 and derive an expression for the Poynting vetor
E×H. Bateman says the Poynting vetor is along the line desribed by Eq.(4). This must be sine
the singularity moves with the expanding Eq.(B2') sphere radius, but longitudinal eld absene must
be onrmed. Finally, the Eq.(8) elds must be shown to satisfy the Eq.(7) Maxwell eld relations.
Bateman's work is inomplete, beause he never addresses these problems. Below, I show how these
onerns an restrit the possible elds and apply the result to synhrotron radiation.
To use the Eq.(8) spawned elds in the Eq.(7) Maxwell relations, I will onsider the (x, y, z, t)
oordinate dependene to be that ontained in the denominator's Eq.(B4) σ. But after omponent
dierentiation σ an be removed as serving only as a spae-time loation indiator at the singularity
on the expanding wave front. This removal will be indiated by lower ase elds represented by
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transformations like hx = σHx. With this notation the spawned elds must satisfy the following:
∇ •H = 0 ⇒ lhx +mhy + nhz = 0
(∇×E+ 1
c
∂H
∂t
)x = 0 ⇒ −cphx +mεz − nεy = 0
(∇×E+ 1
c
∂H
∂t
)y = 0 ⇒ −cphy + nεx − lεz = 0
(∇×E+ 1
c
∂H
∂t
)z = 0 ⇒ −cphz + lεy −mεx = 0
∇ •E = 0 ⇒ lεx +mεy + nεz = 0
(∇ ×H− 1
c
∂E
∂t
)x = 0 ⇒ cpεx +mhz − nhy = 0
(∇ ×H− 1
c
∂E
∂t
)y = 0 ⇒ cpεy + nhx − lhz = 0
(∇×H− 1
c
∂E
∂t
)z = 0 ⇒ cpεz + lhy −mhx = 0


(10)
When written out using the Eqs.(8) spawned elds, the rst four Eq.(10) relations are homoge-
neous expressions for the l′,m′, n′ and cp′ with oeient determinant
∣∣∣∣∣∣∣∣∣∣∣∣∣
m∂τ
∂ζ
− n∂τ
∂η
n∂τ
∂ξ
− l ∂τ
∂ζ
l ∂τ
∂η
−m∂τ
∂ξ
0
0 cp∂τ
∂ζ
+ n
c
−cp∂τ
∂η
− m
c
−m∂τ
∂ζ
+ n∂τ
∂η
−cp∂τ
∂ζ
− n
c
0 cp∂τ
∂ξ
+ l
c
l ∂τ
∂ζ
− n∂τ
∂ξ
cp∂τ
∂η
+ m
c
−cp∂τ
∂ξ
− l
c
0 m∂τ
∂ξ
− l ∂τ
∂η
∣∣∣∣∣∣∣∣∣∣∣∣∣
. (11)
Inspetion shows that the ∇ •H expression is linearly dependent on the three ∇ × E expressions.
When the Eq.(B1) Γ lies in a plane ontaining the ray, only one ∇ × E expression remains, that
giving the normal H eld. When written out using the Eqs.(8) spawned elds, the last four Eq.(10)
relations have the oeient determinant
∣∣∣∣∣∣∣∣∣∣∣∣∣
− l
c
−m
c
−n
c
−l ∂τ
∂ξ
−m∂τ
∂η
− n∂τ
∂ζ
−p−m∂τ
∂η
− n∂τ
∂ζ
m∂τ
∂ξ
n∂τ
∂ξ
−cp∂τ
∂ξ
l ∂τ
∂η
−p− l ∂τ
∂ξ
− n∂τ
∂ζ
n∂τ
∂η
−cp∂τ
∂η
l ∂τ
∂ζ
m∂τ
∂ζ
−p− l ∂τ
∂ξ
−m∂τ
∂η
−cp∂τ
∂ζ
∣∣∣∣∣∣∣∣∣∣∣∣∣
. (12)
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In this ase, inspetion shows that the ∇ • E expression is linearly dependent on the three ∇×H
expressions and these allow
m∂τ
∂η
+n∂τ
∂ζ
= −p when ∂τ
∂ξ
= 0,
l ∂τ
∂ξ
+n∂τ
∂ζ
= −p when ∂τ
∂η
= 0,
l ∂τ
∂ξ
+m∂τ
∂η
= −p when ∂τ
∂ζ
= 0.


(13)
As an example, onsider the ase where the primary singularity follows the urve Γ given by
xp = ρ cosωτ, yp = ρ sinωτ, zp = 0, and tp = τ (14)
for onstant ρ and ω. Using the funtional designations in Eq.(B1), we nd
tanωτ = η
ξ
, ∂τ
∂ξ
= − η
vρ
, ∂τ
∂η
= ξ
vρ
(15)
when v = ωρ, ξ(τ) = ρ cos(ωτ) and η(τ) = ρ sin(ωτ). So, for n = 0 we have the Eqs.(13) and (B3b)
to solve for
l
cp
and
m
cp
. This gives
l±
cp
= β sin(ωτ)±
√
1− β2 cos(ωτ), m±
cp
= −β cos(ωτ) ±
√
1− β2 sin(ωτ) (16)
where β = v
c
. Using these, we an now alulate the angle at the Eq.(B2') sphere enter between
the singularity veloity on the ray c = ( l
p
, m
p
, 0) and the singularity veloity on the Eq.(B1) urve:
cos δ =
c • v√
(c • c)(v • v)
=
l
cp
ξ′ + m
cp
η′
v
= −β. (17)
This reovers Eq.(B3a') and agrees with the value given in [4℄, but I have found no published light
beam divergene measurements. Sine Eq.(B5') p inludes partile harge, hanging its sign allows
ray diretion reversal. From Eqs.(10), we nd the elds:
εx = −
m±
cp
hz, εy =
l±
cp
hz, hz =
l±
cp
εy −
m±
cp
εx . (18)
Clearly, the spawned ε eld is normal to the spawn diretion, ε • c = 0. So the Poynting vetor is
in the spawn diretion. When the diretional oeients in the eletri eld omponents are held
onstant at their spawn time values but hz is taken to be a periodi ts funtion, the seondary
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singularities will arry periodi elds along the line given by
xs = R
l
cp
+ xp, ys = R
m
cp
+ yp, zs = 0 and ts =
R
c
+ tp (19)
with polarization in the orbit plane in onformity with Eq.(8) and as observed [3, Ref. 2℄. To my
knowledge, this predition is new. The elds satisfy the Eq.(7) Maxwell equations when the periodi
funtion argument is taken to be the retarded time. This example shows that the Bateman sheme
for seondary singularity assoiation with light an give new, orroborative and veried results.
To reinfore this onlusion, onsider rays emitted at a xed point on the orbit desribed by
Eqs.(14) and (15) ignoring radial motion. In a plane normal to the orbit and tangent to it at xp = ρ
and yp = 0, the rays will be desribed by Eq.(19) with l = 0 and zs = R
n
cp
. While
∂τ
∂ζ
still vanishes,
we now have from Eq.(15) the onditions
∂τ
∂ξ
= 0 and ∂τ
∂η
= 1
v
. Using these in Eq.(8) shows that hx,
εy and εz are the only nonzero eld omponents with Eqs.(10) requiring the relations
εy = −
n
cp
hx, εz =
m
cp
hx, hx =
m
cp
εz −
n
cp
εy . (20)
Eqs.(11) and (12) show that satisfying the Eq.(7) Maxwell relations at the spawn point requires
p′
p
= m
′
m
= n
′
n
, p = −m
v
and n2 = ( c
2
v2
− 1)m2. Clearly the Eq.(20) hx is orthogonal to the spawned
eletri eld and both are orthogonal to the ray diretion, (0, m
cp
, n
cp
); but as predited above the
polarization has a omponent orthogonal to the orbit plane. As a nal point, the ray diretions
in planes between the orbit plane and the above orthogonal plane an be examined. For planes
touhing the orbit at xp = ρ and yp = 0 with normal (cosΘ, 0, sinΘ), inluded rays with diretion(
l
cp
, m
cp
, n
cp
)
must satisfy the relation l cosΘ + n sinΘ = 0. For the Eq.(14) orbit, Eq.(13) and
Eq.(B3b) give
m
cp
= −β and ( l
cp
)2 = (1 − β2) sin2Θ. In these planes the angle between the ray
and orbit diretion is cos δ =
(
l
cp
, m
cp
, n
cp
)
• (0, 1, 0), but again the polarization has a omponent
orthogonal to the orbit plane. From this and [3℄, I onlude that, although eletromagneti elds
exist in all ray diretions [7℄ for the Eq.(B5') potentials, only Bateman rays from orbits for whih v
hanges diretion have signiant intensity as required by Eq.(8). The impliation is stark: Bateman
rays enhane onventional eletromagneti eld desriptions.
Bateman has published other sheme appliations. In his book [1, Ch. VIII ℄, Bateman applies his
sheme to developing the eletromagneti eld for a simple moving singularity and by superposition
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to a moving doublet. He also revisits the seondary singularity problem. The general proedure is
the same for all these examples. First, dene a generalized potential satisfying the homogeneous
wave equation with singularities appropriate for the problem. Then develop expressions for the ele-
tromagneti elds that are appropriate for the hosen generalized potential. This method assoiates
singularities with the eletromagneti eld to give the photon loalization [8℄ that has long eluded
explanation [9℄. For this reason, the method warrants further evaluation with appliation speially
direted to desribing familiar light behaviors suh as reetion, refration and diration. The last
needs work [1, pp.90-94℄. But the logarithmi generalized potential in [5℄ does desribe ray bifura-
tion. Requiring the potential funtion to satisfy a homogeneous wave equation imposes onstraints
on the inoming and outgoing ray parameters. Mathing onditions at the bifuration an be hosen
to desribe pair prodution, Compton sattering or reetion with refration. Bateman mentions
only the rst possibility and none have been worked out. But with the development presented here
as a guide the work should be failitated. With this, sequential omposition with [10℄ mathing
would provide a purely mathematial explanation for observed Mah-Zehnder duality [11, 12℄. The
orpusular response should be easily obtained. Interferene, however, is likely to require the wave
front singularities to be assigned nonzero spatial dimensions and the path length dierene to be less
than the orpusle oherene length [13, Se. IV.C℄. I leave these developments as an exerise for
the interested reader. Prior explanation attempts [14, Se. 5.℄ and [15, 16℄, while laking Bateman
loalization, provide relevant onsiderations.
Clearly, our undergraduates should be introdued to Bateman's solution to the wave/orpusle
duality problem on rst exposure to the wave equation. This exposure ould be reinfored with
subsequent laboratory work [16, 17℄.
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